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Abstract
The Sachdev-Ye-Kitaev (SYK) model provides an uncommon example of a chaotic
theory that can be analysed analytically. In the deep infrared limit, the original
model has an emergent conformal (reparametrisation) symmetry that is broken both
spontaneously and explicitly. The explicit breaking of this symmetry comes about
due to pseudo-Nambu-Goldstone modes that are not exact zero-modes of the model.
In this paper, we study a version of the model which preserves the reparametrisation
symmetry at all length scales. We study the heavy-light correlation functions of the
operators in the conformal spectrum of the theory. The three point functions of
such operators allow us to demonstrate that matrix elements of primaries On of the
CFT1 take the form postulated by the Eigenstate Thermalisation Hypothesis. We
also discuss the implications of these results for the states in AdS2 gravity dual.
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1 Introduction
Understanding whether closed quantum systems thermalise, and if so in what precise
sense [1] occupies a central role; both in statistical physics, as well as holography, where
aspects of thermalisation translate to detailed properties of black holes, their formation
and evaporation, [2–7]. In this work we analytically study a case that is of interest from
both of these perspectives, the Sachdev-Ye-Kitaev (SYK) models, [8,9]. These are defined
by a certain many-body quantum-mechanical Hamiltonian of N complex or Majorana
fermions interacting via a random q-body coupling, as we review in some detail below.
This model, and the tensor-models that have a similar large N behaviour, have an emer-
gent reparametrisation symmetry in the infrared limit, [9–15]. This emergent symmetry
along with the chaotic behaviour of these models has motivated a study of a simpler ver-
sion of AdS/CFT correspondence between a 1-dimensional quantum mechanical theory
1
and a 2-dimensional theory of gravity that goes by the name nAdS2/nCFT1 correspon-
dence, [9,16–20]. There is by now a large corpus of work which studies this class of models,
and which applies them: see [21,22] (and the references therein) for recent reviews. A bet-
ter understanding of the nAdS2/nCFT1 duality is important not only as a useful testing
grounds to improve our understanding of the AdS/CFT correspondence and, by extension,
quantum gravity in higher dimensions, it also describes the physics of near-extremal black
holes in higher dimensions that have a near horizon AdS2 geometry, [23–29]. A major
attraction of the SYK model (and its various cousins) is the ability to solve it analyti-
cally, especially in the infrared limit. This offers an opportunity to study the emergence of
thermal behaviour in this system analytically.
The eigenstate thermalisation hypothesis (ETH) provides a way to explain thermalisa-
tion in a quantum system from a microscopic point of view, [30]. It states that with respect
to a ‘typical’ observable, individual eigenstates already contain all the information of the
thermal ensemble. ETH can be encoded in terms of the matrix elements of a ‘typical’
operator in the energy eigenbasis,
〈m |O|n〉 = O¯mc
(
E¯
)
δmn + e
−S(E¯)/2f(E¯, ω)Rmn (1.1)
Here, O¯mc
(
E¯
)
is the expectation value of the operatorO in a microcanonical ensemble with
average energy E¯; S(E¯) is the corresponding microcanonical entropy of states with energy
E¯. Therefore, ETH requires that a typical operator be diagonal in the energy eigenbasis
in the thermodynamic limit, while the off-diagonal terms are exponentially suppressed.
In Random Matrix Theory (RMT), the canonical model of chaos and thermalisation in
quantum mechanical systems, the off-diagonal matrix elements, Rmn, are randomly chosen
from an ensemble with zero mean and unit variance.1 However, for a more general theory,
that is not necessary and could hold a key to understanding how the spectrum of different
systems differs from that of RMT, [31].
This hypothesis has been verified for many quantum mechanical systems. However,
the checks of this hypothesis in quantum systems have primarily been numerical in na-
ture [1, 32]. Recent progress has been made in the analytic study of eigenstate thermal-
isation in holographic CFTs by [33–38]. For a finite N version of SYK model, eigen-
state thermalisation was first established numerically in [39] by an exact diagonalisation
of the Hamiltonian, and also in [40]. Eigenstate thermalization is also discussed in [41]
for Schwarzian quantum mechanics. In the current work, we analytically study eigenstate
thermalisation in the IR limit of the SYK model. Some other related works that study
thermalisation in SYK model are [42–44].
In the IR limit, where the SYK model can be treated exactly and analytically, a
1In the notation of (1.1) this means fRMT(E¯, ω) = 1
2
reparametrisation symmetry emerges which is broken explicitly by the low-energy modes
(pseudo-Nambu-Goldstones) of the model that are popularly known as Schwarzian modes.
The action for these modes is given in terms of the Schwarzian action,
α
J
∫
dτ Sch (f(τ); t) , (1.2)
where, Sch (f(τ); t) denotes the Schwarzian derivative of the function f(τ),
Sch (f(τ); t) =
f ′′′(τ)
f ′(τ)
− 3
2
(
f ′′(τ)
f ′(τ)
)2
.
It is this part of the full SYK action that breaks the reparametrisation symmetry explicitly.
In this work, we study the correlation functions without the contribution of these low
energy modes, whence the correlation functions are the conformal correlation functions.
Through the operator-state correspondence a three-point function is related to an operator
expectation value measured in energy eigenstates, see section 3.1.1, and can be used to
study eigenstate thermalisation.
Summary of results
We find through a study of the three-point functions that the conformal sector of the
SYK model thermalises via the mechanism of ETH. While what we describe here might
look like an approximate computation in the SYK theory, a model where this is an exact
computation of the correlation functions was recently discussed in [45]. The corresponding
two-dimensional dual theory is a quantum field theory of infinitely many massive scalar
fields on the curved AdS2 manifold. Since such a two-dimensional theory seems to lack
gravitational modes, one might not expect to observe black hole formation. However, the
observed thermalisation we find in our work leads to an interesting question of black hole
formation in 2d gravity.
We also discuss the relation of the conformal sector of the SYK model to a generalised
free theory (GFT) in one dimension and how our results on eigenstate thermalisation in the
conformal sector of the SYK model also indicate the same in this GFT. This is a surprising
result which we discuss in more detail in section 3.3.
In a companion paper, [46], we study detailed aspects of eigenstate thermalisation with
the inclusion of the Schwarzian modes.
Plan of the paper
We review the relevant properties of the SYK model in section 2, summarising some key
properties that we require in this paper while referring the reader to relevant papers for
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details. In section 3, we start with a discussion of spectrum of primary operators in the
conformal limit of the SYK model. Then we describe the state-operator correspondence
in a 1-dimensional theory and use it to define eigenstates created by insertion of primary
operators. Thereby, we study the OPE coefficients in this theory, which are related to
matrix elements of a light primary operator in basis of eigenstates. In the appropriate limit,
these OPE coefficients describe eigenstate thermalisation in SYK. Later in subsection 3.3
we discuss eigenstate thermalisation in a generalised free theory in 1-dimensions. We
conclude the paper with a summary and a plausible bulk interpretation of our results in
section 4. The appendices contain some supplementary details of our calculations.
2 Relevant Properties of the SYK system
In this section we summarise the main features of the Sachdev-Ye-Kitaev model relevant
for our analysis. Much of this material is well known, but we wish to both make this work
as self contained as possible and to draw the reader’s attention to specific technical aspects
we shall make use of later on. We keep the detail to the necessary minimum, but supply
ample references which the interested reader is encouraged to follow up. We work mainly
with the Majorana version of the model, to be introduced shortly and reviewed in more
detail, for example in [21,22,47]. However, as will become clear, our results apply equally
to the complex ‘Dirac’ model [48]. Without further ado, here is the Hamiltonian of the
Majorana fermion SYK model generalised to q-body interactions,
H = iq/2
∑
i1<i2<...<iq≤N
Ji1...iqψi1ψi2 · · ·ψiq . (2.1)
In this work we will focus our attention on the disorder-averaged theory, where the couplings
Ji1...iq are averaged over a Gaussian random ensemble, with vanishing mean coupling and
variance J2i1...iq = J
2(q − 1)!/N q−1. The disorder average gives rise to an O(N) invariant
theory, where the original q-Fermi interaction is squared to give an invariant 2q-Fermi
interaction with coupling strength J2,
S =
∫
DψDGDΣ e−S[ψi,G,Σ] , (2.2)
with the averaged action S written in terms of the original fermions, as well as two bilocal
fields G(τ, τ ′) and Σ(τ ′, τ) whose role will become clear shortly,
S =
1
2
∑
i
∫
dτ ψi(τ)
∂
∂τ
ψi(τ)− J
2N
2q
∫
dτdτ ′ |G(τ, τ ′)|q
+
1
2
∫
dτdτ ′ Σ(τ ′, τ)
(
NG(τ, τ ′)−
∑
i
ψi(τ)ψi(τ
′)
)
, (2.3)
4
The Lagrange multiplier field Σ simply imposes the relation
G(τ, τ ′) =
1
N
N∑
i=1
ψi(τ)ψi(τ
′) . (2.4)
The above action arises for the replica diagonal and the replica symmetric solution of the
saddle point, [49]. Alternatively, in the large N limt, it can also be obtained by replac-
ing the quenched disorder by an annealed disordered coupling, [9, 12]. In the subsequent
discussion, we restrict ourselves to replica diagonal and symmetric ansatz which has the
dominant contribution, [50].
This action is quadratic in the fermions, so that we can integrate them out to give rise
to the usual Tr log in the action. The result is an action written solely in terms of the
bilocal collective fields G and Σ, generating a vertex expansion that can be used to calcu-
late the non-vanishing even-point functions of the fundamental fermions, via the relation
(2.4). Note that both the collective fields are anti-symmetric under exchange of the time
coordinates,
G(τ, τ ′) = −G(τ ′, τ), Σ(τ, τ ′) = −Σ(τ ′, τ) . (2.5)
2.1 Vertex expansion
Applying this procedure we obtain the collective field action2
−Scol
N
= log Pf [δ(τ − τ ′)∂τ + Σ(τ ′, τ)] + J
2
2q
∫
dτdτ ′ |G(τ, τ ′)|q
− 1
2
∫
dτdτ ′ Σ(τ ′, τ)G(τ, τ ′) . (2.6)
The utility of this formulation is that it systematically determines integral (Schwinger-
Dyson or ‘SD’) equations for the 2n-point functions of the fermions, order by order in
a 1/N expansion. To this end, let us note that this theory has a semi-classical limit as
N →∞, governed by the saddle-point equations
δ(τ − τ ′)∂τ + Σ(τ ′, τ)−G−1(τ, τ ′) = 0 (2.7a)
J2Gq−1(τ, τ ′)− Σ(τ ′, τ) = 0 (2.7b)
In order to generate the vertices relevant for the computation of fermion four- and six-point
functions, we expand this action around the leading-order solution up to third order in the
collective fields
Scol
N
= S(0) +
1
N
S(2) +
1
N3/2
S(3) + · · · , (2.8)
2We work in Euclidean signature.
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Figure 1: Schwinger-Dyson equation for the exact propagator G(τ1, τ2; τ3, τ4). For the
theory formulated in terms of Majorana fermions this is a four-point function.
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Figure 2: Schwinger-Dyson equation determining the three-point vertex V(3). We note that
there are two kinds of contributions on the right-hand side, planar ones and non-planar
ones. For the theory formulated in terms of Majorana fermions this is a six-point function.
where the term S(2) contains the two-point vertices in the collective fields and S(3) the
three-point vertices, relevant for four- and six-point functions of the fundamental fermions
respectively. More concretely, we follow a two-step procedure. We start by solving the first
of the two SD equations to obtain
Σ(τ ′, τ) = −δ(τ − τ ′)∂τ +G−1(τ, τ ′) (2.9)
which we substitute back into the action to obtain
− Scol
N
= log Pf [G(τ, τ ′)] +
1
2
∫
dτ ∂τG(τ, τ
′)|τ ′→τ +
J2
2q
∫
dτdτ ′ |G(τ, τ ′)|q (2.10)
up to a constant which we have discarded. We then expand G = G0 +
√
2
N
g(τ, τ ′) to find
the two and three-point vertices, starting with
S(2) =
∫
dτ1dτ2dτ3dτ4 g(τ1, τ2)K(2)(τ1, τ2; τ3, τ4)g(τ3, τ4) , (2.11)
allowing us to deduce the propagator for the bilocal field
G(τ1, τ2; τ3, τ4) = =<latexit sha1_base64="DmNMk2YXYyTv+z N0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRd u9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8e tXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypb decgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5Mwq AxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyh THF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfn xXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+z N0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRd u9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8e tXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypb decgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5Mwq AxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyh THF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfn xXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+z N0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRd u9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8e tXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypb decgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5Mwq AxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyh THF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfn xXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+z N0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRd u9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8e tXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypb decgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5Mwq AxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyh THF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfn xXl3PhatBSefOYY/cD5/AIzNjME=</latexit>  <latexit sha1_base64="+uZfP8wbVItquFB0wCTrW 6fkLq8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+S N/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIb Afju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqn GhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7 mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LquVWvcVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRen HfnY9FacPKZY/gD5/MHdI2MsQ==</latexit><latexit sha1_base64="+uZfP8wbVItquFB0wCTrW 6fkLq8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+S N/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIb Afju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqn GhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7 mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LquVWvcVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRen HfnY9FacPKZY/gD5/MHdI2MsQ==</latexit><latexit sha1_base64="+uZfP8wbVItquFB0wCTrW 6fkLq8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+S N/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIb Afju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqn GhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7 mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LquVWvcVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRen HfnY9FacPKZY/gD5/MHdI2MsQ==</latexit><latexit sha1_base64="+uZfP8wbVItquFB0wCTrW 6fkLq8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+S N/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIb Afju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqn GhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7 mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LquVWvcVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRen HfnY9FacPKZY/gD5/MHdI2MsQ==</latexit>τ1τ2
τ3
τ4
τ1
τ2
τ3
τ4
τ1
τ2
τ3
τ4
. (2.12)
6
and the Schwinger-Dyson equation shown in Figure 1. At the next order we find the
three-point vertex
S(3) =
∫ 6∏
i=1
dτi V(3)(τ1, . . . τ6) g(τ1, τ2)g(τ3, τ4)g(τ5, τ6) , (2.13)
where, once again the vertex succinctly encodes the Schwinger-Dyson equation shown in
Figure 2, receiving both planar and non-planar contributions. The precise mathematical
expressions for these vertices are somewhat complicated and were originally computed in
the papers [11, 51, 52], and are reproduced in Appendix A. Note that the notation K(2)
and V(3) is supposed to illustrate the fact that we should think of (the inverse of) K as
a propagator for bilocal fields, while V(3) gives a non-trivial three-point interaction vertex
between bilocal collective fields.
2.2 The IR theory & Schwarzian contribution
The discussion of the previous section is correct in the large N limit, for all values of the
coupling constant J . However the exact computation of the vertices requires the knowledge
of the saddle point solution, G0 (see (A.4) and (A.6)). The Schwinger-Dyson equations,
(2.7), are solvable in the deep infrared limit, |τ |J  1, [9–12]. In this limit, the derivative
terms in the action (2.6) and the SD equations (2.7) can be dropped. The resulting effective
action (2.6) has a reparametrisation (1D conformal) invariance under τ → f(τ) provided
one transforms
G(τ1, τ2) → f ′(τ1)∆f ′(τ2)∆G (f(τ1), f(τ2)) ,
Σ(τ2, τ1) → f ′(τ1)1−∆f ′(τ2)1−∆Σ (f(τ1), f(τ2)) . (2.14)
Crucially this is not an invariance of the full action; working perturbatively around the IR
limit, the leading action cost associated with a reparametrisation f(τ) can be determined
most efficiently by expanding (2.10) around the IR
1
2
∫
dτ ∂τG(τ, τ
′)|τ ′→τ = α
J
∫
Sch (f(τ); τ) dτ + · · · , (2.15)
where α is a coefficient that must be determined by solving the full Schwinger-Dyson
equation (2.7), which is typically done numerically, [9, 12]. Since this is the leading-order
IR effect of breaking reparametrisations, we also refer to the Schwarzian contribution as
the soft-mode action. In the current paper, we do not consider the effect of this soft-mode
action on the correlation functions, which is discussed in our complementary paper, [46].
The exclusion of the Schwarzian modes leads to an exact conformal field theory. A modified
version of the SYK model which has an exact conformal symmetry is discussed in [45] and
7
the results we present in this paper are applicable to this modified model as well. In the
deep IR limit, where the SYK model has the approximate reparametrisation symmetry, its
spectrum has a discrete tower of operators that are approximate Conformal Primaries of
SL(2,R). We discuss the properties and correlation functions of the these operators in the
next section. Our discussion follows the earlier work of [11,53,54].
3 Heavy States in Conformal Three-point Correlators
3.1 Operators and states
If we exclude the contribution of the Schwarzian mode we obtain an exact conformal field
theory whose correlation functions obey the usual constraints imposed by SL(2,R). Let
us introduce the primary operators
On(τ1) = lim
τ2→τ1
1√
N
[
2n+1∑
k=0
N∑
i=1
dnk∂
kψi(τ1)∂
2n+1−kψi(τ2)
]
, (3.1)
which obey
〈OmOn〉 = δmn|τn − τm|2h ,
〈OmOkOn〉 = 1√
N
cmkn
|τmk|hm+hk−hn|τmn|hm+kn−hk |τnk|hn+hk−hm (3.2)
with conformal dimensions
hn = 2n+ 1 + 2n n =
1
q
2n2 + n+ 1
2n2 + n− 1 , n ≥ 1 , q  1 . (3.3)
Using the 1D version of the operator-state correspondence, about which we have more
to say below, we can evaluate the matrix element of an operator Ok as a limit of the
three-point function,
〈Em|Ok|En〉 = 〈Om(0)O(1)kO(∞)n〉 = cmkn . (3.4)
This allows us to focus, as shown, on the OPE coefficient cmkn. In the limit m,n  k,
that is when the operators Om,n create heavier states compared to the contribution of the
probe operator Ok,3 the OPE coefficients should satisfy the ETH relation, [33],
cmkn = fk(E)δmn +O
[
e−S(E)/2
]
, (3.5)
3see the discussion below for the precise notion of heaviness.
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where fk(E) is a smooth function of its argument E =
Em+En
2
and the off-diagonal elements
are suppressed by an entropic factor. Our objective is thus to compute the OPE coefficients
using the bilocal action introduced above. This will evidently involve the computation of
six-point functions of the fermions. Before embarking on the computation, we want to
emphasise that the operators with m,n  k are not heavy operators in the conventional
sense. Usually the term ‘heavy’ is used to denote the operators whose dimension scales
with the number of degrees of freedom of the theory (N for vector theories and N2 for
matrix-like theories). This is consistent with the putative bulk dual description, where
only fields massive enough to back-react on the geometry are expected to form black
holes. However, the operators that we discuss in this work don’t fall in this category. We
consider operators whose conformal dimension approaches infinity but doesn’t scale with
N . We call these middleweight operators. In higher-dimensional examples of the AdS/CFT
correspondence such operators are dual to bulk fields that can be studied in the geodesic
approximation, [55, 56], but would not by themselves, lead to a formation of a black hole.
In the field theory description, that would mean that the states created by such operators
don’t thermalise. That we find any form of thermalisation for such operators is surprising.
It is important to check this finding against a two-dimensional gravity analysis in future
work.
In the following section, we discuss our understanding of the state-operator correspon-
dence in 1-dimension more precisely.
3.1.1 Comments on operator-state correspondence
In dimensions d ≥ 2 the operator state correspondence relies on the fact that we may
conformally map the sphere Sd to the cylinder R × Sd−1, so that asymptotic states at
τ = ±∞ on the cylinder map to operator insertions at the north and south poles of the
sphere, or equivalently to the origin and the point at infinity of the plane Rd. In one
dimension this is more subtle, as the analogous map is one between S1 and R× S0, which
corresponds to the geometry R × {0,−pi}, i.e. two disjoint copies of the real line. This
map is realised by setting [57]
σ + iτ = 2 arctan tanh
(
iθ
2
)
(3.6)
so that the two points θ = ±pi/2 are mapped to τ = ±∞. The segment −pi/2 < θ < pi/2
is mapped to a copy of R at σ = 0, while the remaining half circle pi/2 < θ < 3pi/2 is
mapped to a second copy of R at σ = −pi. The generator of time translations is mapped
to ∂τ = cos θ∂θ, which corresponds to 1D radial evolution as shown in Figure 3. In this
way, a correlation function of the type (3.4) creates and probes a state in the doubled
9
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cos θ ∂∂θ
Figure 3: The operator-state map in 1D CFT proceeds via the map S1 → S0×R introduced
in Eq. (3.6). The semi circle in red is mapped to one copy of R shown in red, situated at
σ = 0, while the blue semi-circle is mapped to the blue copy of R, situated at σ = −pi. The
Hamiltonian ∂
∂τ
is mapped to cos θ ∂
∂θ
and thus generates radial evolution as shown around
the south pole. Modulo the subtlety of mapping to the disconnected S0 × R this is the
analog of radial quantisation in higher dimensional CFT.
Hilbert space HCFT ⊗HCFT. This has its manifestation on the bulk side where AdS2 has
a boundary consisting of two disconnected copies of the real line with time running in the
same direction on both components.
3.2 Fermion six-point functions and OPE coefficients
In section 2.1 we explained how to generate the Schwinger-Dyson equation determining the
six-point function of fermions from the bilocal action. We now proceed to actually evaluate
the diagrams in the appropriate limit. As can be seen from Figure 2, there are two types
of diagrams that contribute, planar diagrams and non-planar diagrams, also referred to as
contact diagrams. Consequently, also the OPE coefficients can be organised into
cnkm = c
(2)
nkm + c
(1)
nkm , (3.7)
where the first term corresponds to the sum of planar diagrams, and the second to the sum
of non-planar diagrams. Consulting the definition of the On operators (3.1), it becomes
clear that the relevant limit of the fermion six-point functions is one where the insertions
of the fermions approach each other in pairs. This allows one to use the OPE expansion
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of the fermions themselves,
1
N
N∑
i=1
ψi(τ1)ψi(τ2)Om(τ) = 1√
N
∑
n
cnC(τ12, ∂τ2)On(τ2)Om(τ) , (3.8)
with the result [53]
c
(1)
mkn = cmcnck b
q(q − 1)(q − 2) I(1)mkn (3.9)
c
(2)
mkn = cmcnck ξmξnξk I(2)mkn . (3.10)
Here, I(1)mkn, I(2)mkn are certain kinematic integrals arising in evaluating the contact and planar
diagrams, respectively. The results of these integrals are given in Appendix C. In the large
q limit the cn are given by
cn = n
[
n(2n+ 1)
((2n2 + n+ 1) (2n2 + n− 1))
√
piΓ(2n1)
24n−2Γ(2n+ 1
2
)
] 1
2
, (q  1) (3.11)
and the ξn are defined as
ξn =
2n+ 1
2n2 + n+ 1
, (q  1) . (3.12)
In order to study the thermal properties of middleweight eigenstates, we should take a
further limit, this time one where two of the operators, the ones creating the state, are
much heavier than the remaining ‘probe’ operator. We thus want to study the OPE
coefficients cnkm in the limit n,m  k. This will allow us to simplify the corresponding
expressions considerably. The first important simplification that occurs is the dominance of
planer diagrams over contact diagrams c
(2)
nkm  c(1)nkm, as we show in detail in Appendix B.
We thus focus on c
(2)
mkn in the remainder of this section. For our analysis we find it most
convenient to work with the expressions for c
(2)
mkn in the large q limit, which was derived
in [53], even though more explicit expression have been given later in [54]. The required
kinematic integral can be written in the form
I(2)mkn = s(2)mkn
[
2
+n + 
−
m
+n 
−
m
+m + 
−
k
+m
−
k
+k + 
−
n
+k 
−
n
− 1
−m
−
k 
−
n
− 1
+m
+
k 
+
n
]
, (3.13)
where ±n = n ±∆. Let us further define the variables
σ = n+m, d = n−m = σδ , (3.14)
which express the average and difference of energies σ and δ in the large m,n limit. Then
the expressions for s
(2)
mkn take the form of certain, combinatorial coefficients, which for
arbitrary k evaluate to
s
(2)
mkn = g (4k − 2|2k − 2)
Γ (2σ − 1)
Γ (σ − d) Γ(σ + d) , (3.15)
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where g (a|b) denotes a rational fraction (of variables σ, d) of degree a in the numerator
and degree b in the denominator. We have tabulated the explicit form of these polynomials
for the first few integer values of k in Table 1. We next notice that the ratio of Gamma
k s
(2)
mkn
1 2
(
d2 + σ2 + σ − 1) Γ(2σ − 1)
Γ(σ − d)Γ(σ + d)
2
1
3(2s− 2)(2s− 3)
[
7d6 + d4
(
9σ2 + 9σ − 53
)
+ d2
(
9σ(σ + 1)
(
σ2 + σ − 7)+ 118)
+(σ − 1)(σ + 2)
(
(σ2 + σ)(7σ2 + 7σ − 36) + 36
)]
× Γ(2σ − 1)
Γ(σ − d)Γ(σ + d)
3
[
33d10 + 45d8
(
σ2 + σ − 17)+ d6(10(σ2 + σ)(5σ2 + 5σ − 103) + 6459)
+5d4
(
(σ2 + σ)
(
10σ2 + 10σ
(
σ2 + σ − 22)+ 1681)− 4887)
+d2
(
5(σ2 + σ)
(
(σ2 + σ)
(
(σ2 + σ)(9σ2 + 9σ − 202) + 1638)− 5804)+ 40308)
+3(σ − 2)(σ − 1)(σ + 2)(σ + 3)
(
(σ2 + σ)
(
(σ2 + σ)(11σ2 + 11σ − 157) + 600)− 600)]
1
30(2σ − 2)(2σ − 3)(2σ − 4)(2σ − 5) ×
Γ(2σ − 1)
Γ(σ − d)Γ(σ + d)
...
...
Table 1: Table of s
(2)
mkn evaluated for some small values of k
functions is related to a regularised Kronecker delta symbol
bσ,δ = 2
−2(σ−1)√piσ Γ (2σ − 1)
Γ (σ − σδ) Γ(σ + σδ) σ →∞−−−−→ δδ,0 (3.16)
The width of the Binomial function, and consequently of the regularised Kronecker delta
function4, in terms of δ is 1/
√
σ, and approaches 0 as σ →∞. What this means in terms
of the microcanonical ensemble is that we are considering all energy eigenstates within
a window (σ −√σ, σ +√σ). Such an interpretation of the microcanonical ensemble is
conventional in the literature of Random Matrix theory, see [1]. The limit, σ → ∞ is the
right limit to consider for our middleweight operators to be much heavier than the probe
operator, and thus it is encouraging to see the Kronecker delta coming out. In fact, as we
show now, the off-diagonal elements, corresponding to n −m = d 6= 0, are suppressed by
a factor e−σ ln 2. In order to extract the on- and off-diagonal functions in the ETH form of
the matrix elements (3.4), we may separate out the regularised Kronecker delta from the
4See Appendix D for a more in-depth discussion of the regularised Kronecker delta.
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functions c
(2)
nkm, to obtain
c
(2)
mkn = fmknbσ,d. (3.17)
We have now assembled all the ingredients that go into the evaluation of fmkn. Of course
we are only interested in this quantity in the middleweight limit, which allows us to simplify
the full expression with the result
lim
σ→∞
c
(2)
mkn =
Γ(2k)
2
√
Γ(4k)
k
2k2 + 2k + 1
[
(2k + 1)(2k2 + k + 1)
(2k − 1)(k + 1)
]3/2
pkσ
2kδm,n + e
−σ ln 2R(σ, δ) .
(3.18)
Here pk takes values
{
2, 7
12
, 33
480
, 715
161280
, . . .
}
, which are the leading coefficients in Table 2.
This should be compared to the ansatz (3.5). The result we have just found is precisely of
the form appearing in the statement of eigenstate thermalisation, with a smooth function
depending on the average energy on the diagonal and exponentially suppressed off-diagonal
matrix elements depending smoothly on both the average energy as well as the difference.
Isolating the diagonal contribution we find the expression
fk(E) =
Γ(2k)
2
√
Γ(4k)
k
2k2 + 2k + 1
[
(2k + 1)(2k2 + k + 1)
(2k − 1)(k + 1)
]3/2
pk(2E)
2k (3.19)
where we have defined the average energy E = m+n
2
. We can also use Equation (3.18) in
order to obtain an explicit expression for the off-diagonal matrix elements
R(σ, δ)=
1
2
(
1− δ2) 14 Γ(2k)√
Γ(4k)
k
k2 + 2k + 1
[
(2k + 1)(2k2 + k + 1)
(2k − 1)(k + 1)
] 3
2
lim
σ→∞
g(4k − 2|2k − 2)
(3.20)
where we show the appropriate lim
σ→∞
g(4k − 2|2k − 2) in Table 2.
k lim
σ→∞
g (4k − 2|2k − 2)
1 2σ2 (1 + δ2)
2 1
12
σ4 (7δ6 + 9δ4 + 9δ2 + 7)
3 1
480
σ6 (33δ10 + 45δ8 + 50δ6 + 50δ4 + 45δ2 + 33)
4 1
161280
σ8(715δ14 + 1001δ12 + 1155δ10 + 1225δ8 + 1225δ6 + 1155δ4 + 1001δ2 + 715)
...
...
Table 2: Behaviour of g (4k − 2|2k − 2) in the σ →∞ limit
Lastly, in the above discussion we showed that the off-diagonal matrix elements of the
operator, Ok, are suppressed with respect to the diagonal elements by a factor of e−σ ln 2.
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In the eigenstate thermalisation hypothesis, the off-diagonal elements are suppressed expo-
nentially by the microcanonical entropy at the average energy of the ensemble, e−S(E¯)/2.
A naive counting of the number of states with energies between
(
E¯ −
√
E¯, E¯ +
√
E¯
)
gives
S(E¯) ∼
√
E¯ + ln(E¯). Thus, we find that the observed suppression in the SYK model is
stronger than what is required by ETH, together with our estimate S(E¯). Our suppression
although stronger than what is required according to the standard definition of ETH, does
not violate the lower bound stemming from the requirement of O(1) fluctuations around
the thermal value.5 We leave an improved understanding of this mismatch for future work.
Summary
In this section, we have shown that the states created by the conformal primaries in the
IR limit of the SYK model, and more appropriately, in the cSYK model show Eigenstate
thermalisation. This result may appear surprising from two different points of view. Firstly,
the dimensions of these operators do not scale with the degrees of freedom, N , in our theory
(middleweight operators). From the bulk perspective these operators are dual to some fields
that are not massive enough to back-react on the AdS2, and yet the observed thermalisation
would suggest that their insertion creates something like a blackhole microstate. We leave
the exact bulk understanding of this observation to future work. It will also be interesting
to obtain the exact behaviour for truly heavy operators, i.e. ones that scale with N ,
whose insertion should change the leading saddle point in the bilocal collective field action
(2.10). Secondly, however, the result is surprising given that the OPE coefficients cnkm are
dominated by the planar contribution, which can be shown to be closely related to those of
a Generalised Free Theory. This point merits a more in-depth discussion which we address
in subsection 3.3.
3.3 Thermalisation in a generalised free theory?
While it is satisfying to have explicitly established the thermality of eigenstates in the
conformal sector of the SYK model at large N , our result is puzzling, seeing as it can be
reproduced from a certain Generalised Free Theory (GFT). Following [53] let us define the
following GFT:
S =
1
2
N∑
i=1
∫
dω
2pi
χi(−ω)G(0)(ω)−1χi(ω) , (3.21)
5Requiring typical fluctuations of simple operators to be O(1), off-diagonal terms contribute a sum over
eS terms, where eS is the dimension of the Hilbert space. Thus each term in the sum is at least O(e−S).
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where G(0)(ω) is the Fourier transform of the leading IR solution to the Schwinger-Dyson
Equation (2.7),
G(0)(ω) = i cos (pi∆) Γ(1− 2∆)|ω|2∆−1sgn(ω) (3.22)
This theory is free, in the sense that all correlation functions can be obtained simply by
Wick contractions, but it has a non-trivial propagator, given by (3.22), and its primaries
are given by the same expression (3.1), now written in terms of the generalised free fermions
χi. One can thus obtain the three-point functions of On operators simply by repeatedly
acting with derivatives as specified in the definition (3.1) and then taking the short-time
limit. This results in the expression [53]
〈OmOkOn〉 = lim
τ5→τ6
lim
τ3→τ4
lim
τ1→τ2
1√
N
2n+1∑
r=0
2m+1∑
s=0
2k+1∑
t=0
dnrdmsdkt ∂
r
1 ∂
2n+1−r
2
∂s3 ∂
2m+1−s
4 ∂
t
5 ∂
2k+1−t
6
[
G(τ1, τ6)G(τ2, τ3)G(τ4, τ5) + perm
]
=
1√
N
cfreemkn
|τmk|hm+hk−hn|τmn|hm+kn−hk |τnk|hn+hk−hm (3.23)
from which we can extract the OPE coefficients themselves
cfreemkn =
8 s
(2)
nmk
N freen N
free
m N
free
k
(3.24)
where, (N freen )
2 =
24n+1
(2n+ 1)
Γ(2n+ 1
2
)√
pi Γ(2n)
.
In the middleweight limit we are interested in, we can determine the ratio of the OPE
coefficients in GFT and the SYK model,
lim
m,nk
cSYKmkn
cfreemkn
= lim
m,nk
[
2
(
1 +
−m
+n
)(
1 +
−k
+m
)(
1 +
−n
+k
)
−1− 
−
n 
−
m
−
k
+n 
+
m
+
k
]
=
2k2 + k + 1
2k2 + k − 1 . (3.25)
This tells us that our analysis, establishing that the SYK OPE coefficients take a form
compatible with the eigenstate thermalisation hypothesis, also applies to the OPE coeffi-
cients of the GFT. On the face of it, this is very surprising; we usually do not think of
free theories with correlation functions given in terms of Wick contractions as resulting
in any kind of thermalisation. For the specific GFT under consideration here, however,
this thermal behaviour results from the interplay of the non-trivial propagator and the
combinatorics of the derivatives acting on the simple Wick-type six-point functions of the
χi fermions. A similar analysis for a similar class of operators that were studied in [58] for
a 2-dimensional CFT is discussed Appendix E. In that study of the OPE coefficients there
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we find lack of ETH like behaviour. The ETH behaviour for the generalised free theory
described above is in some sense reminiscent of the thermal (chaotic) looking physics of the
D1-D5 CFT at the orbifold point [59], which is a free theory, albeit one with a complicated
spectrum of operators. As a sanity check, one can quickly convince oneself that the limit
in which the GFT actually becomes the theory of free fermions (∆ = 0), gives a vanishing
three-point function, so we are saved from the conclusion that a theory of free fermions
shows ETH itself.
4 Summary and Discussion
In this work, we have studied the 3-point correlation functions of the ‘excited’ operators,
given by (3.1), that arise in the IR limit of the SYK model. In our analysis, we don’t
consider the contribution of the pseudo-Nambu-Goldstone (Schwarzian) modes to these
correlation functions. We argue that through a state-operator correspondence in a 1-
dimensional theory, the OPE coefficients that appear in the three point function can be
interpreted as matrix elements of an operator in the energy eigenbasis. By comparing
these matrix elements in the thermodynamic limit with the expected behaviour (1.1), we
argued that in this sector (without the contribution of the Schwarzian modes) the model
shows eigenstate thermalisation. This is apparent from (3.18), where the expectation value
of operator 〈m |Ok|n〉 was studied in high-energy states, m,n  k ∼ O(1) and it was
argued that the operator becomes diagonal in this limit. We also computed the exponential
suppression of the off-diagonal terms. While, our naive counting of microcanonical entropy
at energy E¯ gives S
(
E¯
) ∼ √E¯ + ln (E¯), we find a suppression by a factor of ∼ e−E¯ which
is stronger than e−S(E¯). This suggests that our estimate of the microcanonical entropy
might not be correct, or that the off-diagonal terms are indeed more strongly suppressed
than is required for ETH. In any case, we do not expect the microcanonical entropy to
grow faster than E¯.
In the study of the Schwarzian modes to the correlation functions in an upcoming
work, [46], we find that the thermalisation in eigenstates depends upon the particular
fashion in which the thermodynamic limit is taken. The analysis of that paper complements
this paper’s and presents some interesting observations of its own.
Future Directions
Our current investigation has left us with some open questions that ask for a better un-
derstanding. Above, we have discussed our lack of understanding of the density of mid-
dleweight states. This is important to understand the suppression of the off-diagonal terms
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compared to the diagonal terms. A better understanding of these terms will help us un-
derstand the departure of the model from the RMT behaviour, [31].
We would like to study the correlation functions of the truly ‘heavy’ operators (whose
conformal dimension scales with N) in the conformal sector of the theory. Explicit compu-
tations involving such operators is often hard from the field theory point of view; and very
little is known about such operators even in N = 4 super-Yang-Mills (sYM) theory. It
might be possible that correlation functions of such operators are computable in the SYK
model, even shedding some light on tools that could be used to do a similar computation
for N = 4 sYM.
The current paper focused on the field theoretic study the SYK model in the conformal
limit of the theory. The 2-dimensional dual, without the inclusion of the Schwarzian
modes, is a theory of massive scalars on AdS2 background. In future, we would like to
understand this observed thermalisation from the bulk perspective in this non-gravitating
theory of 2-dimensional gravity. A related question is to understand the chaotic behaviour
of correlation functions in cSYK theory, both from the field theoretic as well as gravitational
point of view. In our current understanding, the origin of chaotic behaviour in SYK model
lies in the exchange of Schwarzian modes, [9, 12]. To our knowledge, no computation of
out-of-time-ordered correlation functions has been performed in conformal sector of the
SYK model (for the excited operators), and it will be illuminating to our understanding of
thermalisation in cSYK model.
Acknowledgements
It is a pleasure to thank Dima Abanin, Alexandre Belin, Sumit Das, Anatoly Dymarsky,
Nima Lashkari, Gautam Mandal, Shiraz Minwalla, Thomas Mertens, Charles Rabideau,
Vladimir Rosenhaus, Ashoke Sen, Steve Shenker and Gideon Vos for insightful discussions
and correspondence. JS would like to thank the organisers and participants of the Indian
Strings Meeting 2019 as well as the workshop Qubits on the Horizon for feedback, where
preliminary versions of these results were presented. PN acknowledges support from the
College of Arts and Sciences of the University of Kentucky. PN also thanks the participants
of PiTP Summer School at Princeton and Order from Chaos conference at KITP for the
feedback on this work. MV would like to thank the ICTS Bengaluru and the TIFR Mumbai
for their hospitality during the completion of this work.
17
A Collective field action
In this section we discuss the collective field action, (2.8). We derive the vertices of this ac-
tion in an 1/N expansion around the solution of the replica diagonal and replica symmetric
solution, G0(τ1, τ2), of the saddle point equations, (2.7).
6 Using the expansion,
G(τ1, τ2) = G0(τ1, τ2) +
√
2
N
g(τ1, τ2) , (A.1)
in (2.10),
− Scol
N
= log Pf [G(τ, τ ′)] +
1
2
∫
dτ ∂τG(τ, τ
′)|τ ′→τ +
J2
2q
∫
dτdτ ′ |G(τ, τ ′)|q (A.2)
we get,
S(2) =
1
2
∫
dτ1dτ2dτ3dτ4 g(τ1, τ2)
[
G−10 (τ1, τ3)G
−1
0 (τ2, τ4)
−3J2G20(τ1, τ2)δ(τ3 − τ1)δ(τ2 − τ4)
]
g(τ3, τ4) . (A.3)
Comparing it with, (2.11), we get,
K(2)(τ1, τ2; τ3, τ4) = G−10 (τ1, τ3)G−10 (τ2, τ4)− 3J2G20(τ1, τ2)δ(τ3 − τ1)δ(τ2 − τ4) . (A.4)
Similarly, studying the fluctuations to the next order in 1/N , one can compute the cubic
interactions in the action,
S(3) =
√
2
∫
dτ1 . . . dτ6 g(τ1, τ2)g(τ3, τ4)g(τ5, τ6)
[
− 1
3
G−10 (τ6, τ1)G
−1
0 (τ2, τ3)G
−1
0 (τ4, τ5)
−J2G0(τ1, τ2)δ(τ3 − τ1)δ(τ4 − τ2)δ(τ5 − τ1)δ(τ6 − τ2)
]
.(A.5)
Once again, comparing with (2.13) gives us,
V(3)(τ1, . . . τ6) = −
√
2
[
1
3
G−10 (τ6, τ1)G
−1
0 (τ2, τ3)G
−1
0 (τ4, τ5)
+ J2G0(τ1, τ2)δ(τ3 − τ1)δ(τ4 − τ2)δ(τ5 − τ1)δ(τ6 − τ2)
]
. (A.6)
B Dominance of Planar diagrams
In this section, we demonstrate the dominance of planar diagrams over the contact diagrams
in the limit in which two of the three insertions are much heavier than the third one. In
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Figure 4: Left: Diagonal values of the OPE coefficients
∣∣∣c(1)mkn∣∣∣ become smaller as we take
the limit m,n  k. Right: Diagonal values of the OPE coefficients c(2)mkn become larger
as we take the limit m,n k, thereby demonstrating the dominance of contact diagrams
over the planar diagrams in this limit. Note that the y-axis of the right figure is plotted
on a logarithmic scale.
Figure 4 we plot the OPE coefficients, c
(1)
mkn and c
(2)
mkn, ((3.9), (3.10)) for m = n, and some
small values of k to demonstrate this dominance.
In Figure 5, we plot the ratio of the coefficients,
∣∣∣c(1)m1n∣∣∣/c(2)m1n. This ratio is sufficiently
small even for finite m,n. This plot also shows the suppression of the off-diagonal OPE
coefficients corresponding to contact diagrams.
Figure 5: Left: The ratio
∣∣∣c(1)m1n∣∣∣/c(2)m1n is largely suppressed even for k = 1 as m or n are
increased. Right: Increasing k accentuates the supression even further (here k = 3).
6In addition to the replica diagonal saddle point solutions, we are also considering replica diagonal and
symmetric fluctuations which are known to contribute dominantly, [50].
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C Expressions for I(1)mkn and I(2)mkn
The exact expressions for I(1)mkn and I(2)mkn were derived in [54]. However, to avoid clutter and
for the sake of intuition, we work with the corresponding expressions in the q  1 limit.
In what follows, the notation I123 is used to refer to the term arising from a three-point
function of operators of dimension h1, h2 and h3, i.e. I123 ≡ Ih1h2h3 6= Im=1,k=2,n=3.
For q  1, the dimensions of the On approach their free-field values, 2n+ 1,
hn = 2n+ 1 + 2n , n =
1
q
2n2 + n+ 1
2n2 + n− 1 , n ≥ 1 , q  1 , (C.1)
while the OPE coefficients in the large q limit behave as,
c2n = 
2
n
n(1 + 2n)
(n(1 + 2n) + 1) (n(1 + 2n)− 1)
√
piΓ(2n+ 1)
Γ(2n+ 1
2
)24n−2
, q  1 . (C.2)
The contact diagram contribution to the three-point function 〈O1O2O3〉 has a coefficient
that was denoted by c
(1)
123, given as c
(1)
123 = c1c2c3 I(1)123 (see (3.9)), where an exact expression
for I(1)123 can be found in [54]. Using (C.1), an expression for I(1)123 in the q → ∞ limit is
given by, [53],
I(1)123 = 2s(1)123
1 + n2 + n3
n1n2n3
, q  1 , (C.3)
where s
(1)
123 is,
s
(1)
123 =(−4)n1+n2+n3
Γ(12 + n2+n3−n1)Γ(12 + n1+n3−n2)Γ(12 + n1+n2−n3)Γ(1+ n1+n2+n3)
pi
3
2 Γ(1 + 2n1)Γ(1 + 2n2)Γ(1 + 2n3)
.
(C.4)
The planar diagram contribution to the three-point function has a coefficient that was
denoted by c
(2)
123, given in (3.10) as c
(2)
123 = c1c2c3 ξ(h1)ξ(h2)ξ(h3) I(2)123. To avoid clutter, let
us define,
± = ±∆ , (C.5)
in terms of which, the factor ξ(hn) simplifies to,
ξ(hn) =
−
n
(
n+
1
2
)
, q  1 , (C.6)
while the expression for I(2)123 is the q →∞ limit is,
I(2)123 = s(2)123
(
2
(+1 + 
−
2 )(
+
2 + 
−
3 )(
+
3 + 
−
1 )
+1 
−
1 
+
2 
−
2 
+
3 
−
3
− 1
+1 
+
2 
+
3
− 1
−1 
−
2 
−
3
)
, q  1 , (C.7)
with i ≡ ni , and s(2)123 is,
s
(2)
123 =
(2n1 + 2n2 − 2n3)!(2n2 + 2n3 − 1)!
(2n1 − 1)!(2n2 − 1)!(2n3 − 1)!(1 + 2n2 − 2n3)!
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× 4F3
[
1−2n1 2+2n1 1−2n3 −2n3
2 1−2n2−2n3 2+2n2−2n3 ; 1
]
, (C.8)
where it is assumed that n1 > n2 > n3. Using the definition of 4F3, this may be written as a
single finite sum. Equation (C.7) was found by Gross and Rosenhaus in [53] without taking
the large q limit of the exact answer, but rather by evaluating the integral I
(2)
123 to leading
order in 1/q. They noted that s
(2)
123 is the same expression that appears in computing the
three-point function in a generalised free field theory with fermions of dimension ∆, in the
limit ∆→ 0. Specifically,
s
(2)
123 = −
∑
p1,p2,p3
(
2n1
p1
)(
2n2
p2
)(
2n3
p3
)(
2n1+p2−p1
p2 + 1
)(
2n2+p3−p2
p3 + 1
)(
2n3+p1−p3
p1 + 1
)
× z
p1−p2+2n2−2n3
(−1−z)p3−p2+2n1−2n3 , (C.9)
where z is a cross ratio of times; the answer is independent of z. While it is not manifest
that (C.8) and (C.9) are the same, one can verify that they are.
D Regularised Kronecker delta function
Here, we discuss some of the properties of the regularised Kronecker delta function, in
particular the exponential suppression of the off-diagonal components. Recall,
bσ,δ = 2
−2(σ−1)√piσ Γ(2σ − 1)
Γ(σ − d)Γ(σ + d) σ →∞−−−−→ δd,0 . (D.1)
Figure 6 shows the behaviour of the function for increasing values of σ, after using (3.14).
Notice, that the width of the plot decreases for increasing values of σ. The variable δ ∈
[−1, 1] because the function on the LHS of (D.1), bσ,δ, isn’t well defined outside this
interval. However, we can define the function to be zero outside this interval. Let us next
approximate the value of the function away from the peak. We do this by expanding bσ,δ
around, δ = 1:
bσ,δ ∼ 4−σ
[
1 + (δ − 1)σ
(
log
(
1− δ
2
)
− 1
)
+O ((1− δ)2)] (D.2)
Clearly the value of the function is suppressed exponentially for large values of σ.
E Lack of ETH in Free fields
In [58], operators of the kind,
Ok =: ∂
kT∂kT : , (E.1)
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Figure 6: The function in (D.1) evaluated for various values of σ.
were considered in a 2-dimensional conformal field theory. Here, T is the stress tensor of
the theory. The OPE coefficients for operators of this kind were computed there and was
found to be,
ck1k2k3 =
√
8
(k1 + k2 + 3)!(k2 + k3 + 3)!(k3 + k1 + 3)!
(2k1 + 3)!(2k2 + 3)!(2k3 + 3)!
, (E.2)
where, ck1k2k3 is the OPE coefficient between the operators Ok1 , Ok2 and Ok3 . To see if this
shows ETH behaviour, (3.5), let us factor out the regularised Kronecker δ-function, (3.16).
Then in the k1, k3 →∞ limit, we get,
ck1k2k3 ≈
√
pi2−2k2−
3
2 (4− δ2)k2 σ2k2+ 72
(1− δ2) 12 Γ(2k2 + 4)
×
(
(1− δ2) (1−δ
1+δ
)−δ (2−δ
2+δ
)δ/2
4− δ2
)σ
bσ,δ . (E.3)
Here, once again we have used k1 + k3 = 2σ and k3 − k1 = d = σδ. Note that unlike
in (3.18), the function multiplying the regularised Kronecker δ-function is exponential in
σ. In fact, for diagonal elements corresponding to δ = 0, this function is proportional to
e−2σ ln 2. Consequently, as σ → ∞, the diagonal elements vanish, thereby demonstrating
lack of ETH-like behaviour.
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